We examine interference phenomena involving entangled pairs of quantum coherent states. Two-coherentstate interferometry, which can involve macroscopic numbers of photons, is shown to share several characteristics of two-particle quantum interferometry in such a macroscopic limit. These include the complementarity between one-system and two-system interference visibilities in the extreme cases of product and maximally entangled quantum states, and the violation of a Bell-type inequality.
I. INTRODUCTION
Over the last decade coherent-state interferometry and two-particle interferometry have provided new confirmations of quantum mechanics and greater violations of Bell-type inequalities ͓1-22͔. Two-particle interferometry involves entangled microscopic ͑photon͒ systems. Two-coherent-state interferometry involves ͑coherent-state͒ systems that can be macroscopic while still behaving similarly to microscopic ͑photon͒ pairs ͓1-6͔, where a macroscopic state is characterized by having a large mean number of photons. The coherent-state superpositions are often referred to as ''Schrö-dinger cat states,'' emphasizing that quantum mechanics is being used to describe macroscopic physical systems ͓7-12͔. Almost all of the analyses of quantum optical interferometry have centered on elements of strictly orthogonal Hilbert bases. However, the orthogonality of coherent states is only approximate and is strictly presently only in the large average particle number limit, ͉␣͉→ϱ.
Here, in addition to showing evidence for the complementarity of one-and two-coherent state interference visibilities that is in accord with what is found in two-particle interferometry, we find a counter-intuitive result for a Bell-type inequality at odds with the correspondence principle. The correspondence principle demands that as a system gets more macroscopic, in the sense of going to large particle numbers, its behavior should become increasingly like that of the corresponding classical mechanical system. Thus, one expects that in the macroscopic limit quantum effects such as the violation of a Bell-type inequality will disappear. A previous analysis of Bell-type inequalities used nonorthogonal coherent states in the Schmidt decomposition. Surprisingly, the violation of a Bell-type inequality was shown to increase as the intensity of the coherent states increases ͓13͔. Here, using a more concrete approach, we similarly find that violation of a Bell-type inequality increases as the system gets more macroscopic. This throws further doubt on the applicability of the correspondence principle here and, by extension, on the reducibility of classical to quantum optics.
II. THE TWO-COHERENT-STATE INTERFEROMETER
Two-coherent-state interferometry is the application of techniques of coherent-state recombination to macroscopic photon-system pairs of the general form
where ͉␣͘ 1 and ͉␦͘ 1 are near-orthonormal coherent-state vectors in the Hilbert space H 1 of system 1, and ͉␤͘ 2 and ͉␥͘ 2 are elements of H 2 of system 2. States of the form ͑1͒ are entangled, i.e., they cannot be factorized in any way into the form ͉͘ 1 ͉͘ 2 , where ͉͘ 1 H 1 and ͉͘ 2 H 2 . The new phenomena studied here arise when the production of entangled coherent-state pairs is combined with interferometric techniques tailored to coherent states. Here, we demonstrate that two-coherent-state interferometry produces results analogous to those achieved in two-particle interferometry. In particular, detection probabilities consistent with a complementarity between one-coherent-state and twocoherent-state visibilities are given and the violation of a Bell-type inequality is demonstrated. The following points are also emphasized: ͑i͒ two-coherent-state interferometry depends on the preparation of entangled coherent-state pairs; ͑ii͒ entangled states like the ͉⌿͘ of Eq. ͑1͒ could be produced via the nonlinear interaction with Hamiltonian ͓7͔
for nϾ1 an integer, being proportional to the medium's nonlinear susceptibility of order 2nϪ1; ͑iii͒ the phenomena described here depend on the utilization of a nonlinear version of well-known interferometers, such as the MachZehnder interferometer; and ͑iv͒ quantum effects persist in a macroscopic limit. The general schematic arrangement that we propose for two-coherent state interferometry is shown in Fig. 1 . A source simultaneously produces macroscopic photon systems 1 and 2. In the most interesting case, each pair is prepared in the state
a coherent superposition of two distinct pairs of correlated coherent states of systems 1 and 2. This state can be created by injecting coherent states ͉␣͘ and ͉Ϫ␣͘ into the two input ports of a nonlinear Mach-Zehnder interferometer ͓11,20-22͔. In one of these pairs, system 1 is in coherent state ͉␣͘ and undergoes a phase shift upon encountering the coherentstate phase shifter 1 ͓20͔ on the way to nonlinear cell 1, from which it enters detector 1; similarly, system 2 is in coherent-state ͉Ϫ␣͘ and encounters the coherent-state phase shifter 2 on the way to nonlinear cell 2, after which it enters detector 2. In the other pair of correlated coherent-states, system 1 is in coherent-state ͉Ϫ␣͘, encounters coherent-state phase shifter 1 , proceeds to cell 1 and enters detector 1, while system 2, in state ͉␣͘ encounters 2 , cell 2 and then enters detector 2. Note that in the limit of ͉␣͉→ϱ, the state ͑3͒ can be converted to a Bell state by local unitary operations. Hence, the violation of Bell's inequality in this limit is expected to be maximal if the appropriate measurements can be made. The transformation operator
is associated with the optical Kerr nonlinearity ͓24-26͔. For the value ϭ/2, this nonlinear operator acting on a coherent state creates a so-called Schrödinger cat state, a superposition of the ͉␣͘ and ͉Ϫ␣͘ coherent states ͓11͔:
The unitary operator ͓20͔
␣ ϭexp͑i͉␣͗͘␣͉͒ ͑6͒ denotes the evolution due to the coherent-phase shifters. This transforms a coherent input state ͉␣͘ with the result
This transformation is analogous to that for a normal phaseshifter transforming a single photon state, with the phase term outside the ket. However, due to the nonorthogonality of the coherent states ͉␣͘ and ͉Ϫ␣͘ the coherent phase shifter for ͉␣͘, ␣ , does not leave the ͉Ϫ␣͘ state completely unaltered; rather, one has
Nonetheless, if ␣ is large, so that ͉␣͉→ϱ, then ͉͗␣͉Ϫ␣͉͘ →0 and the state ͉Ϫ␣͘ will remain effectively unchanged by the operation of the coherent phase shifter for the ␣ . An exact experimental realization of the unitary operator ͑6͒ may not be possible, but an approximate realization is possible by exploiting media with higher-order nonlinear susceptibilities. This approximate realization is discussed in Appendix A. Alternatively, the entangled coherent state with a variable phase shift,
can be created directly ͓23͔.
In our two-coherent-state interferometer, the initial state ͑3͒ first encounters the coherent phase shifters ͓20͔ 1 and 2 , with the effect
where ␥ is given by
Each nonlinear cell behaves analogously to a beamsplitter in a Mach-Zehnder interferometer, by recombining the ͉␣͘ and ͉Ϫ␣͘ states. Traversing the nonlinear cells, the normalized quantum state transforms as
where N is the normalization factor,
. ͑13͒
III. BELL-TYPE INEQUALITY VIOLATION
The amplitudes for a coincidence measurement of any combination of the states ͉Ϯ␣͘ 1 and ͉Ϯ␣͘ 2 given the state ͑12͒ are
FIG. 1. Schematic experimental arrangement for two-coherentstate interferometry. The source S creates the entangled state given in Eq. ͑2͒. The output to wing 1 ͑2͒ proceeds to the coherent phase shifter 1 ( 2 ), and then to the nonlinear cell 1 ( 2 ), and finally to the coherent state detector D 1 (D 2 ).
A͑Ϯ␣,ϯ␣͉
The probabilities for a coincidence measurement are then calculated by multiplying the relevant amplitude with its complex conjugate. These coincident measurements of specific combinations of the coherent states can be achieved by applying quadrature-phase homodyne measurements ͓27-30͔. The powers of e Ϫ͉␣͉ 2 that appear in Eqs. ͑14͒ and ͑15͒ are due to the nonorthogonality of the states ͉␣͘ and ͉Ϫ␣͘, since for an output state ͉Ϫ␣͘ there is a nonzero probability of measuring this system as ͉␣͘. One result of this nonorthogonality is that in the limit ͉␣͉→0,
However, in the macroscopic limit where ͉␣͉→ϱ,
as occurs for two-particle interferometry with a pair of particles ͓1-6͔. The results in Eqs. ͑21͒, ͑22͒, ͑23͒, and ͑24͒ are analogous to those obtained for two-particle interferometry using entangled photon pairs ͓4,5,32͔, and a Bell-type inequality is similarly violated.
IV. EVIDENCE OF A VISIBILITY COMPLEMENTARITY
Assuming the detectors to have the efficiency , the probability for joint detection of subsystems 1 and 2 in the states ͉␣͘ 1 and ͉␣͘ 2 , when the phase shifters iϭ1,2 give phase
2 times the square of the total amplitude A(␣,␣͉ 1 , 2 ). This amplitude is the superposition of the amplitudes associated with each of the two pairs of correlated coherent states:
where the factors e i 1 and e i 2 arise from the phase shifters encountered along the respective beams and the factors 2 Ϫ1/2 and 2 Ϫ1/2 i arise from the encounters with the Kerr cells of states ͉␣͘ and ͉Ϫ␣͘, respectively. These factors are analogous to encounters of single particles with an ordinary beam splitter from opposite sides. Expressions analogous to Eq. ͑25͒ can be given for the amplitudes A(␣,Ϫ␣͉ 1 , 2 ), A(Ϫ␣,␣͉ 1 , 2 ), and A(Ϫ␣,Ϫ␣͉ 1 , 2 ) as well.
The probabilities of corresponding joint detections are 2 times the absolute square of the respective amplitudes:
The sinusoidal dependence of the joint detection probabilities on the phase shifts in ͑26͒ and ͑27͒ is characteristic of quantum mechanical interference. The modulation of coincidence detection while shifting 1 and 2 gives rise to interference fringes but does not give rise to fringes in single coherent-state detection. This can be seen from the following probabilities of single coherent-state detections:
where the ''Ϫ'' mark by itself indicates that the result of the corresponding detection is ignored. This exhibits the essentially two-coherent-state interference, inexplicable in terms of individual coherent-state behavior, and is directly analogous to what has been shown for two-particle interference ͓5,6͔. Both sorts of phenomena are due to quantum entanglement in two-system states, in this case ͉⌿͘. When our two-coherent-state system is in a product state, by contrast, essentially single coherent-state behavior arises and no essentially two-coherent-state behavior is observed. For example, consider the detection probabilities when ͉⌿͘ is replaced by ͉⌽͘:
a state still involving superpositions of elements of the single-system detection basis but of product form. In this case one obtains, for example, the joint-detection amplitudes
͑31͒
the joint-detection probabilities
and the single-detection probabilities for the first coherentstate system:
These results show that the state ͉⌽͘ gives rise to single coherent-state fringes but no genuine two-coherent-state fringes. Equations ͑30͒-͑33͒ show that the apparent jointdetection fringing is actually explicable entirely in terms of single-detection fringing, in contrast to that of Eqs. ͑24͒-͑26͒.
V. CONCLUSIONS
We have shown how the interferometry of entangled pairs of quantum coherent states has several characteristics in common with two-particle quantum interferometry. These include the complementarity between one-system and twosystem interference visibilities in the extreme cases of product and maximally entangled quantum states, and the violation of Bell-type inequalities. This quantum behavior persists even in the limit of macroscopic average particle numbers. Indeed, a Bell-type inequality is maximally violated in this limit.
The correspondence principle demands that as a system gets more macroscopic, its behavior should become increasingly like that of the corresponding classical mechanical system. Thus, the correspondence principle suggests that as coherent states become more macroscopic, the possibility of violating a Bell-type inequality should diminish. The results presented here throw doubt upon the universal validity of the correspondence principle. In these results, as the coherent states become more macroscopic, the results in fact become less classical, which is indicated by the increasing violation of a Bell-type inequality as ͉␣͉→ϱ. This demonstrates that the standard quantum mechanics of an isolated system, on its own, does not naturally give rise to classical mechanics at any scale. However, in normal settings, field modes will decohere faster for higher values of ␣, so that classicality is usually observed.
APPENDIX: REALIZATION OF THE COHERENT-STATE PHASE SHIFTER
An approximate realization of the phase shift unitary operator e i ␣ , for ␣ ϭ͉␣͗͘␣͉ a coherent-state phase shift operator, is possible. Given that 0 ϭ:e Ϫa † a :, for : : denoting normal ordering ͓33͔, the coherent-state projection operator is
where D(␣) is the displacement operator ͓34͔ D͑␣ ͒ϭe ␣a † Ϫ␣*a . ͑A2͒
In the system we are considering, there are two states of concern: ͉Ϯ␣͘. Without loss of generality, we assume that ␣ is real. In order to effect the phase shift operation, we act on either state first with D † (␣). This maps ͉␣͘ to ͉0͘ and ͉Ϫ␣͘ to ͉Ϫ2␣͘. We then follow with the vacuum phase shift operator
͑A3͒
In the Fock state basis ͕͉n͖͘,
In order to realize the unitary transformation ͑A3͒, an interaction of the type ͑truncated at third order in powers of the number operator n ) can be produced, in principle, by choosing an appropriate nonlinear medium. The coefficient n is proportional to the nonlinear susceptibility (n) and the interaction time. In an optical system, it would be challenging to construct a medium satisfying ͑A5͒ because subsequent odd-ordered nonlinear susceptibilities do not diminish greatly. However, other realizations of superposition coherent states, for example, in ion traps, offer higher nonlinear susceptibilities and a greater promise of realizing this interaction ͓35͔.
The approximate expression ͑A5͒ relies on the validity of truncating the Fock-state expansion for the two states under consideration, namely, ͉0͘ and ͉Ϫ2␣͘. If a state ͉͘ can be represented reasonably accurately in the Fock-state expansion as
for N some non-negative integer, then the expansion of the unitary operator ͑A3͒ is valid to some order. If Nр3, then the expansion ͑A5͒ is sufficient. For the vacuum state, this condition is trivially satisfied, but the other state must be able to be accurately truncated as ͉Ϫ2␣͘Ϸ ͉0͘Ϫ2␣͉1͘ϩ2␣ 2 ͉2͘Ϫ 4
